VOL. 6, NO. 1, JANUARY 1972

J. HYDRONAUTICS 21

A Turbulent Mixing Length Formulation for Non-Newtonian

Power Law Fluids

Arraur M. Hecar*
General Electric Company, Philadelphia, Pa.

The velocity profiles for non-Newtonian power law fluids are investigated and the friction
factor is determined for pipe flow at high Reynolds numbers. The total shear stress is equated
to the sum of the laminar power law stress and the turbulent stress, the latter based on the
Prandtl mixing length. The analysis uses Van Driests’ model for variation of the mixing
length near the wall to yield a continuous velocity and shear stress distribution for incompres-
sible turbulent flow. The shear stress equation is solved in terms of generalized parameters to
yield velocity profiles near the wall as a function of the non-Newtonian fluid index N. Pipe
flow is investigated by integrating the flow equation over the pipe radius, and the friction factor
isdetermined. Itisfound that the theory agrees well with the results of previous analysis and
experiment, while anomalous experimental results are matched using the proper values of

power law index and mixing length parameter.

Nomenclature
A = distance from wall where influence of wall damping on
x becomes negligible
A+ = ATw(Z_N)/2“Vp”2/(11/*v
A* = A+K
a = non-Newtonian property defined by Eq. (1)
b = constant in law of wall
By« (N) = defined by Eq. (39)
D = pipe diameter
I = friction factor, 27,/pV?
£ = mixing length

N = power law index

R = tube radius

Rey = 2RV ¥p/a

Re¢ = 8Rex/(6 + 2/NYW

R = 2RV /1 /N -DiNgUN

u = fluid velocity

Ut = u/vx

U = U+K

v = mean fluid velocity of flow

Vs = friction velocity, (1s/p)Y?2

Y = distance from wall

Yae = yN7,TIINIT g 4Ny, 2N p Jg

Yx = gy VN

K = mixing length constant in wall region
X\ = mixing length constant in turbulent core
M = molecular viscosity

p = fluid density

T = local shear stress

Subscripts

¢ = turbulent core

L = laminar sublayer

T = transition zone

w = a{ the wall

* = denotes parameter independent of «
+ = power law fluid parameter

Introduction

HE characteristics and behavior of non-Newtonian fluids
has been of interest to the chemical processing industry
for many years. Recently, the drag-reducing qualities of
polymer additives in the boundary layer of underwater and
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surface vehicles has given added impetus toward determining
the underlying mechanisms of drag reduction. There have
been numerous investigations, both analytical and experi-
mental, of the behavior of non-Newtonian turbulent flow.
Dodge and Metzner! performed an extensive investigation
into the causes of drag reduction in non-Newtonian systems,
and their work marked a departure point for investigations of
this nature in their proposed definitions of the nondimensional
profile and friction factor parameters. In investigating the
velocity profiles and heat transfer in pseudoplastic fluids,
Clapp? extended the unified approach of Prandtl.?

During subsequent analytical and experimental investiga-
tions of non-Newtonian behavior, divergent views have de-
veloped concerning whether the Newtonian mixing length
parameter remains a constant equal to 0.4 in the flow of visco-
elastic fluids, or whether it decreases under certain circum-
stances. Wells,* Lowe? Giles® and Van Driest,” among
others, report reductions in «, while Elata et al.,* Meyer,? and
Ernst, ' consider « as constant and correlate the data in terms
of a velocity displacement near the wall.

The present approach to the problem, integration of the
shear stress equation using a finite difference computer tech-
nique, 1s based on the work of Van Driest!! and Spalding and
Patankar!? (for example) who solved the Newtonian turbulent
velocity profiles in the near-wall region in a similar fashion
using computer calculated profiles. This eliminates the re-
quirement of making excessively simplified assumptions to
model the flow. « is treated as a variable in this context to
determine whether this approach can rationalize the conflict-
ing observations mentioned above.

Analysis

The laminar shear stress of a large class of non-Newtonian
fluids may be deseribed over a wide range of shear rates by the
power-law relation

T = aldu/dy)¥ (1)

where N is the power law index and a is a fluid property, which
reduces to the molecular viscosity for N = 1.

Prandtl® postulated that the total shear stress in a turbulent
Newtonian fluid could be written as the sum of the laminar
molecular shear and the turbulent shear stress contribution

7 = u(du/dy) + pl*(du/dy)* (2)
Clapp? modified Eq. (2) to include the effect of non-Newto-
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Fig. 1 Mixing length formulation as a function of pipe
radius.

nian power law shear by replacing the Newtonian molecular
contribution by the stress in Eq. (1)

7 = aldu/dy)¥ + pl(du/dy)? (3)

The turbulent stress was assumed to be independent of the
non-Newtonian fluid characteristics, and is based solely on
momentum exchange considerations.

The local shear stress near the wall is very nearly equal to
the wall value for zero mass injection and pressure gradient.
In the outer part of the flow, the shear stress must reach zero
at the pipe centerline or at the edge of the boundary layer.
Sinece the laminar sublayer, the transition region, and the law
of the wall regime are usually small compared to the turbulent
core, a constant shear stress equal to that at the wall will be
assumed in this region. When consideration is given to re-
gions far from the wall, the linear pipe flow variation of r will
be used.

The mixing length adopted in the solution of Eq. (3) is the
key to the derivation of an unified approach to the solution of
continuous velocity profiles. Separating the flow into four
zones, the laminar sublayer is 0 < y < yz; the transition
zone is ¥z < y < yr; the law of the wall regime 18 y» < y <
ye; and the turbulent core isy. <y < R.

In the wall region, the mixing length is usually assumed
proportional to distance from the wall

£ =y “@)

while in the turbulent core the value of £ is assumed propor-
tional to a characteristic length of the flow, here taken as B

{= AR (5)

&, the universal mixing constant for Newtonian fluids, usually
taken equal to 0.4, cannot be assumed to be a universal con-
stant for non-Newtonian fluids, since elasticity effects may
produce a reduction in « for pseudoplastic flow. In Fig. 1,
the nondimensional mixing length £/xR is plotted vs y/R,
where the ratio N/« is set equal to 0.25. The basic nature of
this ratio in non-Newtonian flow suggests investigations into
variation of \/k with viscoelastie effects.

Van Driest!* modified Eq. (4) near the wall to account for
damping of the turbulent eddies by the viscous sublayer.
The damping factor adopted by Van Driest then produced a
mixing length model near the wall which provided a smooth
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variation in the mixing length from the wall to the region
where the wall influence became negligible. Thus

€ = xy[l — exp(—y/4)] (6)

where A is a measure of the distance to the end of wall effect
on damping. The assumption £ = AR is usually made in
wake or jet flow, and is justifiable on the grounds that we are
dealing with the turbulent core. The value of A found ex-
perimentally for Newtonian fluid is usually nearly 0.10. It is
possible, of course, to use the variation of mixing length over
the pipe diameter given by Nikuradse!®

{/R = 0.14 — 0.08[1 — (y/R)?] — 0.06[1 — (w/R)] (7)

Equation (5) is used to simplify the approach. It will be
shown that the results justify this assumption, although
analysis of data in this region could possibly lead to further
refinement and improvement of the results at lower values of
Reynolds number.

The parameters are nondimensionalized using appropriate
reference quantities usually associated with non-Newtonian
power law fluid flow

Uy = U0y (8)
Y+ = yNvs>¥p/a 9)
£ = o2 Np/a (10$)

Wells,* using an analysis based on an analysis of Van Driest
and Blumer!? for the stability limit of the laminar sublayer,
postulated that

ky+ VY = const = yu (11)

which indicated that if x decreased y+ ;, should increase. The
parameter given by Eq. (11), therefore, appears to be a better
choice of a universal non-Newtonian parameter than y, given
by Eq. (9). The basic parameters used in the solution of Eq.
(3) become

U = UK/ Vs (12)
Yg = YT 2 WU [qlIN (13)
by = I, @M avpliz/glin (14)

Eq. (3) becomes
(1 — ya/Ry) = (dug/dys)¥ + 13 (dus/dys)? (15)

where
Ry = B1,@ M/ plizg [N (16)
and
Lo = ys [l — exp(—ys/A4)] an
in the region 0 < yx < ¥4, while
Ly = (Nx)Ry (18)

for s, < yu < Ry

For plane flows or for investigations near the wall, the left
side of Tg. (12} is set equal to 1.0 and Eq. (17) is used for the
mixing length

1 = (dus/dys)™ + ys[1 — exp(—ys/Aw) (dus/dys)?  (19)

The boundary between the wall region where £y is propor-
tional to ¥« and the core region where £ = (N/K)R, is de-
fined by

Yxe = (VR (20)

If x is a variable for elastic fluids depending on the polymer
concentration and shear stresses it is reasonable to expect that
X will also be variable. Also, because of considerations to be
discussed shortly lead to the conclusion that the turbulent
fluctuations are suppressed in the core for very small values of
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N, X appears to approach zero as N approaches zero. « may
also be a function of N, although this is not clear at the pres-
ent time. « is assumed independent of N until further infor-
mation is available.

The values of Ay used in Eq. (17) may be derived from the
same argument used to derive ¥4 and y4,. Van Driest found
that a value of A = 26 gave the best results for the damping
factor in Newtonian fluid flow, with k = 0.4. Therefore since
Ay = kdy, Ay = 10.4 will be used throughout this analysis
for variable N and «.

The parameter B, may be related to the non-Newtonian
Reynolds number Rey using the definition of the friction fac-
tor and the friction velocity

Ry = LkRex''V(V /vy ) W—D1n (21)
where
Vive = (f/2)712 (22)
The mean lincar velocity of flow, V, is defined by

TRV = 2 ﬁ) "R — y)dy 23)

In nondimensional form this becomes

_ Vk _ 1 _I/l ﬂ
Vi< _2f0 u*<1 R*>d(R*> (24)

From Iq. (21), the generalized relationship between V, and
R, is

(2R )NV 2% = k’Rey (25)

Approximate Seolutions

Certain interesting properties of Egs. (15) and (19) are
evident if limiting values of solutions are investigated. Five
cases suggest themselves:

1) Laminar sublayer:

Yx < Ry Y < Yxyz £ =0
(26)
Ux = Yx
2) Law of the wall regime:
Ysr < Y K By b = ys
(27)

Uy = Inyy + By

Note that this approach fails to account for the effect of
non-Newtonian shear, since the molecular shear term has been
neglected.

3) Turbulent core:

Yu > Yse le = (MR
(28)
s, = W) (U, = (1 = yu/ Ry )??
where uy,, 1s the centerline velocity parameter
Uy, = 2K/3N (29)

From experimental and theoretical considerations Dodge and
Metzner! found

(un = V) /vx = 3.686N0-» (30)
or
U — Vi = 3.686xN0-% (31)

This equation, along with the limiting cases of fully laminar
flow and N =< 0, provides the means to evaluate \.
4) Fully laminar flow: Iig. (15) then becomes

Quse/dysx = (1 — yu/R)'Y (32)
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which has the solution
Us = BN + /(N + DVill = (I — ys/Ry) WHDIN] (33)
where Eq. (24) is used to find uy,, = VBN + 1)/(N + 1).
Equations (24, 25, and 33) along with Eq. (22) written in the
form
= 2/Vy? (34)
provide the friction factor in terms of the Reynolds number:
f=16/{Rex[8(N/(BN + 2))¥]} (35)
and the generalized non-Newtonian Reynolds number is
Reg = 8Rey[N/(6N 4 2)]¥ (36)

5 N — 0.

For very small values of N, the flow velocity acquires a flat
profile across essentially the entire pipe diameter. The turbu-
lent fluctuations are suppressed almost completely away from
the wall, while the laminar sublayer thickness increases. The
result is a flat velocity profile flow for N = 0, with u,,, = V.
For small values of N in turbulent flow therefore, we shall
adopt the variation of uy,, with N obtained for laminar flow,
namely

U =2 [BN 4+ 1)/ (N 4+ 1)V, (37)

Using the above expression in Eq. (31), and substituting w4+,
given by Eq. (29), the turbulent core mixing length constant
becomes

A = 0.09{4N°5/(3N + 1)] (38)

which indicates, as expected, that A goes to zero as N ap-
proaches zero. Also, for N = 1, Eq. (38) yields a value N =
0.09, which matches the experimentally measured values of A
in the turbulent case for Newtonian fluids quite well. This
suggests that Eq. (38) can be used to evaluate \ over the en-
tire range of N for pseudoplastic fluids.

Friction Factor

The friction factor is determined by integrating Eq. (15)
over the tube radius. V. is evaluated simultaneously using
Eq. (24). The parameter R, is chosen arbitrarily; then
using Tgs. (25, 34, and 36) the values of Rey, f, and Reg are
found, respectively. Equation (38) is used to define A.
The results of this calculation are discussed in the next sec-
tion where the velocity profiles and friction factors calculated
with the present method are compared to previous work and
experimental measurements.

Near-Wall Velocity Profiles

Equation 19 has been integrated for the near-wall region,
and uy Vs yy is plotted in Fig. 2 for various values of N. The
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Fig. 2 Near~wall generalized velocity profiles as a func-
tion of the power-law index.
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mixing length is assumed given by kKqg. (17). The solution
provides law of the wall profiles of the form
uy = Ay (N) Inyy + Bo(V) (39)

where 4, (1) = 1.0. Translated into the usual variables
associated with this region

Ay
Uy = KT\\; Iny, + By (40)
where
7 N
By = BL,EAJ + A*Tm Ink (41)

For N less than 0.3, the profiles in the uy, ¥4 coordinate sys-
tem appear to approach uy, = 1.0. For N = 1.0, x = 0.4,
Fig. 2 yields a value of A,(1) = 1.0, B,(1) = 3.13, such that
Eq. (40) can be written

uy = 2.5 Iny; + 5.5 (42)
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Fig. 4 Comparison of near-wall velocity profiles with
results of Dodge and Metzner.
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which is recognized as the universal velocity distribution for
smooth walls for large Reynolds numbers in Newtonian fluid
flow.

Comparison with Previous Results

Correlation of the velocity profile based on a velocity dis-
placement, as presented by Meyer? and Ernst,'® are hased on
observed velocity profiles and the assumption of a parallel
displacement of the profile in the law of the wall regime. The
present theory has been applied to the experimental data of
Ernst!® by fitting data using a reduced value of « for the re-
ported value of Reynolds number. TFigure 3 presents the re-
sults of this procedure. N = 0.9 was used for the caleula-
tions, while the experimental value varied from 0.9-0.93.
The experimental velocity profiles are matched well in the re-
gion of reliable measurements. The correlations of Refs. 9
and 10, based on a velocity displacement dependent upon the
friction velocity exceeding a threshold value vy,,, and the
polymer concentration, can also be interpreted as the result
of the mixing length parameter « varying as a result of the
friction veloeity exceeding this threshold value. The rate of
decrease of k would also be dependent upon concentration.

Figure 4 is a comparison of the present velocity profiles
with the results of Dodge and Metzner. The agreement is
excellent for N ranging near or greater than 1.0, with an ac-
ceptable comparison for N = 0.5. For N = 0.2, (where
Dodge and Metzner report extrapolated results) the present

Table 1 Identification of data® and
theoretical parameters of Fig. 3

Tube
diam,

Symbol R in. &P N
A 1.11 X 10° 2 0.31 0.9
ad 5.9 X 10¢ 3 0.31 0.9
O 2.72 X 10¢ 3 0.35 0.9
o 6.8 X 10¢ 13 0.33 0.9

¢ Data of Ernst, Ref. 10.
b x assumed to fit data.
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results indicate that the profile parameter w,. falls below the
Dodge and Metzner results.

A comparison of the present profile predictions with the
turbulent pipe flow data of Wells* has been made to deter-
mine if the present theory could explain the anomalous results
obtained. The measurements were made with very dilute
aqueous solutions of guar gum (J-2P), with concentrations
ranging from 0.059,-0.49% by weight, with power law In-
dices from 1.0-0.56, respectively. Figure 4 presents a com-
parison between the measured velocity profiles and those cal-
culated using Eq. (19). Even though N is in the region where
very nearly parallel displacement of velocity profile would be
expected, the reduction in « produces the same effect as a de-
crease in N. This can be explained by examination of Eq.
(40). The slope of the velocity profile is as sensitive to
changes in x as it is for change in N. The dimensionless
veloeity . is vertically displaced due to variation in By as a
function of N.

Three cases are presented in Fig. 5. The first case, Fig. 5a,
is that of a Newtonian fluid with N = 1.0 and x = 0.4. The
caleulated profile matches the laminar sublayer and logarith-
mic profile, providing a continuous variation of velocity, as
would be expected, since this is the solution of Van Driest.!t
For N = 1.0 but for a lower value of « ranging between 0.21
and 0.26, Fig. 5b, the data showed an almost parallel shift up-
ward in velocity. The present results bound the measured
profile indicated. For N = 0.56, x = 0.12, Fig. 5¢ shows a
comparison between the present results and the theory of
Dodge and Metzner based on k = 0.4.

Table 2 Identification of data® of Figs. 5 and 7

Symbol N K Fluid
O 1.0 0.21 0.05% J-2P
N 0.81 0.28 0.109, J-2P
A 0.81 0.14 0.10% J-2P
0 0.71 0.15 0.209% J-2P
n 0.71 0.10 0.209% J-2P
o 0.56 0.12 0.409, J-2P

¢ Data of Wells, Ref. 4.

A comparison of the friction factor calculated by the present
approach with the results of Dodge and Metzner is presented
in Fig. 6. For values of the power law index between 0.4
and 2.0, the present results are in excellent agreement with
those of Ref. 1 for high Reynolds number, which appear to
substantiate the extrapolation of Ref. 1 beyond the available
data. The diserepancy at low Reynolds number is due to the
assumption in the present theory of well developed flow
throughout the radius of the pipe. Prandtl’s universal law of
friction for smooth pipes given by

1/f12 = 4.0 log [Re(f)*?] — 0.40 (43)

is also plotted in Fig. 6.

A comparison with the experimental friction factor mea-
surements of Wells? is shown in Fig. 7. The measurements
were made in the same study which reported the velocity
profiles shown in Fig. 5.  Four values of N are represented in
Fig. 7, N = 1.0, 0.81, 0.71, and 0.56. The first and last of
these are the values for the data of Fig. 5. The friction factor
was calculated by the present method for these values of power
law index and for the reported values of mixing length x as
listed in Table 2. For values of N = 1.0 and N = 0.56, the
match between data and calculated results is excellent.
For intermediate values of N, the match isnot as good. How-
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ever, it should be noted that the correct trend is indicated as
well as the correct level at high values of generalized Reyn-
olds number.

Concluding Remarks

This analysis has examined the flow of a viscoelastic non-
Newtonian power law fluids with variable mixing length.
The momentum equation has been solved for a continuous
velocity distribution throughout the pipe radius. This ap-
proach matches anomalous experimental velocity profiles
and skin friction which could not be explained previously.
In addition, the analysis suggests that a nearly parallel
velocity profile shift can be produced by a reduction in the
mixing length parameter. Just as in the case of a shift in the
logarithmic law constant B, this reduction can be attributed
to local shear stress effects and viscoelastic damping depen-
dent upon concentration.

A possible source of velocity profile shift not dealt with in
this paper is an increase in the damping factor A. Main-
taining « constant at 0.4 and inereasing A produces almost
precisely the calculated profiles shown in Fig. 3.
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